The Hermite polynomials can be defined through a second order differential equation with non constant coefficients, admitting two solutions one of which of non polynomial nature. The properties of this solution are studied here using an algebraic formalism, employing the techniques developed within the framework of the monomiality principle.
. Introduction
The Hermite polynomials [1] H n (x, y) = n! 
reduces to the ordinary case, for particular values of the x, y variables. We have indeed
They are quasi-monomials according to the identities [2] (x + 2y∂ x )H n (x, y) = H n+1 (x, y) ,
as a consequence of the first recurrence and on account of the fact that H 0 (x, y) = 1, we can generate the Hermite polynomials from the "vacuum" 1 , using the relation
The recurrences (3a) can be further exploited to prove that the Hermite polynomials (1) satisfy the second order differential equation
which admits a second independent solution of non polynomial nature. Limiting for the moment to the ordinary case y = −1/2 , we easily infer that, for n = 0 , the non-polynomial solution of the eq. (4) can be written as an integral of the anti-gaussian function
We will consider (5) as a kind of vacuum state in the space of the solutions of (4) and we will generate the higher order solutions, for n > 0 , in analogy to eq. (3b).
Furthermore, by exploiting the Burchnall identity [2] (
we find from eqs. (5)- (6) h
which has beeb derived using the following property of the repeated derivatives of the anti-gaussian
The polynomials G n (x) are known as Nielsen polynomials [1] - [3] and their properties will be more thoroughly studied in the forthcoming parts of this paper.
Before closing this section, we note that, from our definition (6), we can obtain the well known generating function
derived using standard operator de-coupling methods, involving the Weyl rule (see e.g. [2] ).
. The Nielsen polynomials
For further convenience, we will write the G n (x) using the following two variable extension
which, evidently, reduces to the ordinary case by setting y = x, τ = 1/2 and by exploiting the property [2]
The use of the operational rule
yields
which helps to conclude that the Nielsen polynomials are the natural solution of the following partial differential equation
For a generic value of the y variable, the second solution of eq. (4) can be written as
It can also easily checked that the h n (x, y) satisfy the same recurrence (3a) of the polynomial solution, so that the relevant generating function can be cast in the form
and, more in general,
whose extension will be considered elsewhere.
. Concluding remarks
We have so far dealt with the non polynomial solution of the Hermite equation, the method we have developed can be extended to other differential equations as e.g. that defining the Laguerre polynomials . We will consider the twovariable form [2] 
reducing to the ordinary case for y = 1 and satisfying the differential equation
The Laguerre polynomials too have been shown to be quasi-monomials so that we can apply the same technique as before to study the properties of the non polynomial solution of eq. (20).
In the case of n = 0 we find
The higher order solutions can be derived by the use of the monomiality formalism, involving, in the case of the Laguerre polynomials, the properties of the negative derivative operator. This aspect of the problem will be however treated in a forthcoming investigation. Before concluding the paper, we believe to be worth stressing some properties of the function (21), which on account of the identity [4] 
where c is an arbitrary constant, can be written as
An analogous expression can be also obtained for the h n (x, y) , namely
which can also be viewed as an expansion in series of Hermite polynomials of the error function. The technique we have developed seems to be quite promising, in a forthcoming paper it will be applied to the so called lacunary polynomials, which will rise new and interesting perspectives in the field of monomials methods.
